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Abstract. Akcoglu and Suchaston proved the following result: Let 
T : L 1 (X, T, fi) — > L 1 (X, T, fi) be a positive contraction. Assume that 
for zgi 1 (X, T , fi) the sequence (T n z) converges weakly in L 1 (X, T , /x), 
then either lim ||T n z|[ = or there exists a positive function h 6 

n — »oo 

L (X, J 7 , fj,), h 7^ such that Th = h. In the paper we prove an ex- 
tension of this result in finite von Neumann algebra setting, and as a 
consequence we obtain that if a positive contraction of a noncommuta- 
tive L 1 -space has no non zero positive invariant element, then its mixing 
property implies completely mixing property one. 



1. Introduction 

It is known (see |17| ) that there are several notions of mixing (i.e. weak 
mixing, mixing, completely mixing e.c.t.) of measure preserving transfor- 
mation on a measure space in the ergodic theory. It is important to know 
how these notions are related with each other. A lot of papers are devoted 
to this topic. For example, recently, in |5j relations between the notions of 
weak mixing and weak wandering have been studied. 

In this paper we deal with the notions of mixing and completely mix- 
ing. Now recall them. Let (A, J 7 , /x) be a measure space with probability 
measure fi. Let L 1 (X, J 7 , /x) be the associated L 1 -space. A linear opera- 
tor T : L l (X, J 7 , fx) — > ^(X, J 7 , fj,) is called positive contraction if Tf > 
whenever / > and ||T|| < 1. Let L\ = {/ G L^X^/x) : / fdfi = 0}. 
A positive contraction T in L 1 (A, J 7 , /x) is called mixing (resp. completely 
mixing) if T n f tends weakly to for all / G L 1 (A, J 7 , /x) (resp. ||T n /|| tends 
to for all / £ Lg). A relation between these two notions was given in (see 
18 ), which can be formulated as follows (see, ^7j' Ch.8, Th-m 1.4): 



Theorem 1.1. LetT : L l (X, J 7 , /x) — > L 1 (A, J 7 , /x) be a positive contraction. 
Assume that there exists no non zero y € ^(X^J 7 ,^), y > such that 
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Ty = y. If for z G L l (X, JF, fi) the sequence (T n z) converges weakly to some 
element of L 1 (X , J- , p) , then lim ||T n 2;|| =0. In particular, if T is mixing, 

n— >oo 

then T is completely mixing. 

This theorem gives an answer to the problem whether K-automorphisms 
of iT-finite measure space are mixing, and showed that, in fact, invertible 
mixing measure preserving transformations of cr-finite infinite space do not 
exist (see [IB]) (see for review [T7]). 

Later in Akcoglu and Sucheston proved an extension of Theorem 11.11 
which is formulated as follows 

Theorem 1.2. LetT : L (X, J 7 , fi) — > L 1 (X, JF, /i) be a positive contraction. 
Assume that for z G L x {X,T,n) the sequence (T n z) converges weakly in 
L 1 (X , T , \x) , then either lim ||r n z|| = or there exists a positive function 

n— +oo 

h £ L 1 (X, T , pi), h ^ such that Th = h. 

By means of this theorem in , an extension of Blum-Hanson theorem 
was proved |S] , which states that if T is a positive contraction on L 1 (X, pi) , 

n 

then T is mixing if and only if - ^ T ki f converges strongly in L 1 (X, J 7 , /j,) 

i=l 

for every / G L l {X,J r ,p) and increasing sequence of integers {k n }: < 
fel < ■ • • . Other extensions of this result have been given in |I]. 

The formulated Theorem 11.21 has a lot of applications, here we mention 
only a few of them. Namely, using it in [B] the existence of an invariant 
measure for given positive contraction T on L l (X,!F,p) was proved and in 
|25| a criterion of strong asymptotically stability for positive contractions 
was given by means of Theorem 11.21 

In this paper we are going to extend these results for quantum dynamical 
systems over von Neumann algebras. Here by quantum dynamical systems 
we mean a linear, positive, weak continuous mapping a of a von Neumann 
algebra M, with normal faithful trace r, into itself. It is known (see [7], 
sec. 4. 3) that the theory of quantum dynamical systems provides convenient 
mathematical description of the irreversible dynamics of an open quantum 
system. This motivates an interest in the study of conditions for a dy- 
namical system to induce approach to a stationary state, of reflect subjects 
such as irreducibility (i.e. ergodicity, mixing) and ergodic theorems (see for 
example, [2] , [2] , JH] ) ■ By means of given dynamical system a a conjugate 
dynamical system a* on a predual M* of the algebra M can be defined as 
follows (a*ip)(x) = ip(a(x)), where 93 G M*,x G M. It is known [20] that a 
predual M* of M is isometrically isomorphic to L 1 (M, r), which is a non- 
commutative analog of L 1 -space. Note that the study of limiting behaviors 
of a* is important since, it will provide towards a proof of some ergodic type 
theorems for a. Therefore, in the paper we consider only Z^-contractions 
of L 1 (M, r). Note that such kind of dynamical systems were considered in 

mm- 
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In the paper we prove an analog of Theorem II .21 for positive contractions 
of L (M,t) associated with a finite von Neumann algebra. We think that 
this theorem will serve to prove the existence of a stationary state for given 
dynamical system. Note that the existence of a stationary state is an actual 
problem to study ergodic properties of the quantum dynamical system (see 
[12|.|14| ). As a consequence of our main result we infer that the mixing 
property of positive L 1 -contraction implies completely mixing property one, 
i.e. we prove a noncommutative extension of Theorem 11.11 It should be 
noted that our results are not valid when von Neumann algebra is semi- 
finite. 

2. Preliminary 

Throughout the paper M would be a von Neumann algebra with the unit 
1 and let r be a faithful normal finite trace on M. Therefore we omit this 
condition from the formulation of theorems. Recall that an element x G M 
is called self-adjoint if x = x*. The set of all self-adjoint elements is denoted 
by M sa . A self-adjoint element p G M is called a projection if p 2 = p. The 
set of all projections in M we will denote by V. By M* we denote a pre-dual 
space to M (see for definitions [7| . [23] ) . 

The map || • ||i : M — > [0, oo) defined by the formula ||x||i = t(|x|) is 
a norm (see (20 J. The completion of M with respect to the norm || • ||i is 
denoted by L 1 (M, r). It is known f2U| that the spaces L 1 (M, r) and M* are 
isometrically isomorphic, therefore they can be identified. Further we will 
use this fact without noting. 

Theorem 2.1. [20] The space L 1 (M, r) coincides with the set 

/OO /'OO 
\de\ : / \\\dT(e\) < oo}. 
-oo J —oo 

Moreover, 

/oo 
\\\dT(e\). 
-oo 

It is known [20] that the equality 

L\M,T)=L 1 {M sai T) + iL 1 {M sa ,T) 

is valid. Note that L (M sa ,T) is a pre-dual to M sa . 

Let T : L 1 (M, r) — > L X (M, r) be linear bounded operator. We say that a 
linear operator T is positive is Tx > whenever x > 0. A linear operator T 
is said to be a contraction if ||T(x)||i < ||x||i for all x G L 1 (M sa ,r). 

3. Mixing and completely mixing contractions 

Let M be a von Neumann algebra with faithful normal finite trace r. Let 
L 1 (M, r) be a L 1 -space. In the sequel by || • || we mean the norm || • ||i. 
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Let T : L 1 (M, r) — ► L 1 (M, r) be a linear contraction. Define 
(3.1) 



T n (u — v)\\ 

—± : u,»E L 1 {M sai r)^u^v > 0, ||u| 



p(T) = sup < lim 

I n— »oo ||u — u 

If p(T) = then T is called completely mixing. Note that certain proper- 
ties of completely mixing quantum dynamical systems have been studied in 

Denote 

X = {xtL\M sa ,T) : r(x) = 0}. 

Recall that a positive contraction T is mixing if for all x £ X and ?/ € M 
the following condition holds 

lim T(T n (x)y) = 0. 
n— >oo 

Let T be a positive contraction of L l {M, r), and let x 6 L(M, r) be such 
that i > 0, i / 0. We say that T is smoothing with respect to(w.r.t.) x if 
for every e > there exist 5 > and no € N such that r(pT n x) < e for every 
p £ V such that t(j?) < 5 and for every n > uq. A commutative analog of 
this notion was introduced in [25].[T5]. 



Theorem 3.1. Let T : L (M, r) — > L 1 (M, r) be a positive contraction. As- 
sume that there is a positive element y € L 1 (M, r) such that T is smoothing 
w.r.t. y. Then lim ||T n y|| = or there is a non zero positive z € L 1 (M, r) 

n^oo 

such that Tz = z. 

Proof. The contractivity of T implies that the limit 

lim IIT" 1 ?/!! = a 

exists. Assume that a^O. Define A : M sa — » M by 

A(x) = L((r(xT n y) nen )) 
for every x E M sa , here L means a Banach limit (see, |17j). We have 
A(l) = L((T(T n x) neN )) = lim ||T"x|| = a ± 0, 

v — >oo 

therefore A 7^ 0. Besides, A is a positive functional, since for positive element 
x € M sa ,x > we have 

T (xT n y) = r(x 1 / 2 T n ?/x 1 / 2 ) > 0, 

for every n G N. 

For arbitrary 1 £ M, we have x = xi + ix 2 and define A by 

A(x) = A(xi) + iA(x 2 ). 
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Let T** be the second dual of T, i.e. T** : M** -> M**. The functional 
A is T**-invariant. Indeed, 

(T**A)(x) =< x,T**X >=< T*x,A >= 
= L((r(T n yT*x) nm )) = L((r(xT n+1 y) n€N )) = 
= L((T(xT n y) neN )) = X(z). 

Let A = X n + X s be the Takesaki's decomposition (see O) of A on normal 
and singular components. Since T is normal and T**X = X, so using the 
idea of Jl] it can be proved the equality T**X n = X n . Now we will show 
that A n is nonzero. Consider a measure \i := A |y. It is clear that \x is an 
additive measure on V. Let us prove that it is cr-additive. To this end, it is 
enough to show that fJ,(pk) whenever p k +i < p k and p k \ 0, p k G V. 

Let e > 0. From p n \ we infer that r(p n ) — > as n — > oo. It follows 
that there exists k e G N such that t(p^) < e for all k > k £ . Since T is 
smoothing w.r.t. y we obtain 

T(p k T n y) < e, Vk>k £ , 

for every n > uq. From a property of Banach limit we get 

X(p k ) = L({T(p k T n y) n&i ) < e for every k > k £ , 

which implies n(j>k) — ► as fc — > oo. This means that the restriction of X n 
on V coincides with \x. Since 

r{p L T n y) > T(T n y) - e > inf ||T n y|| -e = a-e 

as e has been arbitrary, so a — e > 0, and hence n{p^~) > for all p G V 
such that r(p) < <5. Therefore /j / 0, and consequently, A n 7^ 0. 

From this we infer that there exists a positive element z G L 1 (M, r) such 
that 

X n (x) = t(zx), Vx G M. 
The last equality and T**X n = X n yield that 

t(zx) =< x,T**X n >=< T*x,X n >= t(zT*x) = t(Tzx) 
for every x £ M, which implies that Tz = z. □ 

Using pre-compactness criterion for a subset of L 1 (M, r) (see |23| ) one 
can prove the following 

Lemma 3.2. Let (x n ) C L 1 (Af,r) ; sup||x n || < 00. Assume that x n — > x* 

weakly. Then for an arbitrary e > £/iere exisi 5 > and no G N suc/i i/iai 
r(p|x n |) < e /or every p G V such that r{p) < 5 and Vn > no- 

Corollary 3.3. Let x G L 1 (M, r), x > 0. Assume that T n x — * x* weakly. 
Then T is smoothing w.r.t. x. 
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Remark 3.1. The proved Theorem 13.11 is a non-commutative analog of 
Akcoglu and Sucheston result pQ. But they used weak convergence instead 
of smoothing. Lemma 13.21 shows that smoothing condition is less restrictive 
than the one they used. 

Before proving next theorem let us give the following an auxiliary 
Lemma 3.4. Let x £ L 1 (M, r). If the inequality 
(3.2) r{xy) > 

is valid for every y > 0, y £ M. Then x > 0. 
Proof. . The following is given x = x + — x~. Let 

/oo 
Xde\ 
-oo 

be the spectral resolution of x. Set 

p= [ de x - 

J — oo 

Then according to (|3,2j) one gets r(xp) > 0. On the other hand we have 
xp = —x~, hence t(x~) < 0, since x~ > and r is faithful we infer that 
X - = 0. Therefore x = x + > 0. □ 

From Lemma 13.21 and Theorem 13.11 we find the following 

Theorem 3.5. Let T : L 1 (M, r) — > L 1 (M, r) 6e a positive contraction such 
that \T(x)\ < T(\x\) for every x G L 1 (M,t),x = x* . Assume that there 
exits no non zero y £ L 1 (M, r), y > suc/i t/iai Ty = y. If for z £ 
L 1 (M, r) i/ie sequence (T n z) converges weakly to some element of L 1 (M,t), 
then lim |[T n z|| = 0. In particular, if T is mixing, then T is completely 

n^oo 

mixing. 

Proof. As in the proof of Theorem 13 . 1 1 we assume that 

lim ||T n z|| = a > 0. 

n^oo 

Define A : M sa -> R by 

A(x) = L((r(x|T"z|) neN )) 

for every x € A. Using the same argument as in the proof of Theorem 13.11 
one can show that there exists nonzero positive element y £ L 1 (M, r) such 
that 

here X n is the normal part of A. 
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From the property of T we infer 

r{Tyx) = r{yT*x) 



= L((T(\T n z\T*x)) neN ) 

= L((r(T\T n z\x)) neN ) 

> L((r(\T n+1 z\x)) nm )=r(yx) 



for all x > 0. Hence, for every x > we have 



r((Ty - y)x) > 0. 



According to Lemma 13.41 we infer that Ty > y. Since T is a contraction 
one gets Ty = y. But this contradicts to the assumption of theorem. □ 

Remark 3.2. The proved theorem is an non-commutative analog of The- 
orem Certain similar results has been obtained in |19j.|lU| for quantum 
dynamical semigroups in von Neumann algebras. 

Corollary 3.6. Let a : M — > M be a normal Jordan automorphism such 
that there exits no non zero y £ L (M, r), y > such that a*y = y, where 
a* is the conjugate operator to a. If for z € L l (M, r) the sequence ((a*) n z) 
converges weakly to some element of L 1 (M, r), then lim ||(a*) ra 2;|| = 0. 



The proof immediately comes from Theorem 13.51 since for Jordan auto- 
morphisms the equality \a(x)\ = a(\x\) is valid for all x 6 M sa (see |7]). 

Remark 3.3. Note that analogous theorem has been recently proved by 
A.Katz jT^] for automorphisms of an arbitrary von Neumann algebra. Corol- 
lary ESI extends his result to Jordan automorphisms of finite von Neumann 
algebras. Here it should be also noted that linear mappings of von Neumann 
algebras which satisfy the condition |a(rc)| = a(|x|) have been studied in _21 a . 

Remark 3.4- It should be noted that Theorems 13.11 and 13.51 are not valid 
if a von Neumann algebra is semi- finite. Indeed, let B{d.2) be the algebra 
of all linear bounded operators on Hilbert space ii- Let {4> n },n € N be a 
standard basis of £2, i.e. 



n 



00 



(f>n = (0, " • • , 



0,1,0...). 



The matrix units of B(0.2) can be defined by 
A trace on Bfa) is defined by 




k=l 
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By loo we denote a maximal commutative subalgebra generated by elements 
{en : i G N}. Let E : B(& 2 ) - ► loo be the canonical conditional expectation 
(see |22]). Define a map s '. loo — loo as follows; for every element a G looi 

oo 

a = Yl a kdkk PUt 
k=l 

oo 

s ( a ) = y^Qfcefc+i.fc+i- 

k=l 

Define T : B(l 2 ) -> B(£ 2 ) as T(x) = s(E(x)), x G B(l 2 ). It is clear 
that T is positive and t(T(x)) < t{x) for every x G L 1 (S(£2),t) D B(l 2 ), 
x > 0. Hence, T is a positive L 1 -contraction. But for this T there is no 
non zero x such that Tx = x. Moreover, for every y G L 1 {B(1 2 ),t) we have 
lim ||T n y||i ^ 0. 

n^oo 
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